
Computer Science

Jerzy Świątek

Systems Modelling and Analysis

L.7. Linear programming



Linear Programming

Decision variable:
              𝑥1, 𝑥2 - value of  production product 𝑃1, 𝑃2 respectively

Goal function:
𝐹 𝑥1, 𝑥2 = 2𝑥1 + 3𝑥2 

Constrains: 
2𝑥1 + 2𝑥2 ≤ 14 

 𝑥1 + 2𝑥2 ≤ 8 
4𝑥1 + 0𝑥2 ≤ 16 
𝑥1 ≥ 0, 𝑥2 ≥ 0

Product 𝑃1 𝑃2 Global Resurs

Resurs  𝑆1 2 2 14

Resurs 𝑆2 1 2 8

Resurs 𝑆3 4 0 16

Profit/unit 2 3



Linear Programming
Goal function:

𝐹 𝑥1, 𝑥2 = 2𝑥1 + 3𝑥2 

Constrains:
2𝑥1 + 2𝑥2 ≤ 14 

𝑥1 + 2𝑥2 ≤ 8 
4𝑥1 + 0𝑥2 ≤ 16 
𝑥1 ≥ 0, 𝑥2 ≥ 0

4𝑥1 ≤ 16 

𝑥1 + 2𝑥2 ≤ 8 

2𝑥1 + 2𝑥2 ≤ 14 

𝑥1 ≥ 0

𝑥2 ≥ 0

2𝑥1 + 3𝑥2 = 18

2𝑥1 + 3𝑥2 = 12

𝑥1 = 4

𝑥2 = 2

2𝑥1 + 3𝑥2 = 14
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2𝑥1 + 3𝑥2 = 0

Function level



Linear Programming

Goal function:
𝐹 𝑥1, 𝑥2 = 2𝑥1 + 3𝑥2 

Constrains:
2𝑥1 + 2𝑥2 ≤ 14 

𝑥1 + 2𝑥2 ≤ 8 
4𝑥1 + 0𝑥2 ≤ 16 

𝑥1 ≥ 0, 𝑥2 ≥ 0

4𝑥1 ≤ 16 

𝑥1 + 2𝑥2 ≤ 8 

2𝑥1 + 2𝑥2 ≤ 14 

𝑥1 ≥ 0

𝑥2 ≥ 0

2𝑥1 + 3𝑥2 = 18

2𝑥1 + 3𝑥2 = 14

Problem like before but sum of product greater then 8, 

𝑥1 + 𝑥2 ≥ 8 !!!!!!

𝑥1 + 𝑥2 ≥ 8 Solution set is empty 
set
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Linear Programming

Goal function:
𝐹 𝑥1, 𝑥2 = 2𝑥1 + 4𝑥2 

Constrains:
2𝑥1 + 2𝑥2 ≤ 14 

𝑥1 + 2𝑥2 ≤ 8 
4𝑥1 + 0𝑥2 ≤ 16 
𝑥1 ≥ 0, 𝑥2 ≥ 0

4𝑥1 ≤ 16 

𝑥1 + 2𝑥2 ≤ 8 

2𝑥1 + 2𝑥2 ≤ 14 

𝑥1 ≥ 0

𝑥2 ≥ 0

2𝑥1 + 4𝑥2 = 20

2𝑥1 + 4𝑥2 = 8

𝑥1 = 4

𝑥2 = 2

Problem like at the begining, but profit of product 𝑃2 is 4 

𝑥1 = 0

𝑥2 = 4 Alternative 
solution set

2𝑥1 + 4𝑥2 = 16
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Sum of products greater than  3.  Goal function:
𝐹 𝑥1, 𝑥2 = 2𝑥1 + 3𝑥2

Constrains: 
4𝑥1 + 0𝑥2 ≤ 16 

𝑥1 ≥ 0, 𝑥2 ≥ 0

2𝑥1 + 3𝑥2 = 12 

𝑥1 + 𝑥2 ≥ 3 

𝑥1 ≥ 0

𝑥2 ≥ 0

4𝑥1 ≤ 16 

Non constrained solution

𝑥1 + 𝑥2 ≥ 3 

2𝑥1 + 3𝑥2 = 16 
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Product 𝑃1 𝑃2 Global Resurs

Resurs  𝑆1 2 2 Not limited

Resurs 𝑆2 1 2 Not limited

Resurs 𝑆3 4 0 16

Profit/unit 2 3



General problem formulation
𝑥∗ → 𝐹 𝑥∗ = min

𝑥∈𝒟𝑥

𝐹 𝑥

𝒟𝑥 = 𝑥 ∈ 𝑅𝑠 , 𝜑𝑙 𝑥 = 0, 𝑙 = 1, 2, … , 𝐿, 𝜓𝑚 𝑥 ≤ 0, 𝑚 = 1, 2, … , 𝑀

𝐹 𝑥 = 𝑐𝑇𝑥 = ෍

𝑠=1

𝑆

𝑐𝑠𝑥 𝑠

𝜑𝑙 𝑥 = 𝑎𝑙
𝑇 − 𝑏𝑙 = ෍

𝑠=1

𝑆

𝑎𝑙𝑠𝑥 𝑠 − 𝑏𝑙 = 0 𝑙 = 1, 2, … , 𝐿

𝜓𝑚 𝑥 = 𝑎𝑚
𝑇 𝑥 − 𝑏𝑚 ≤ 0 = ෍

𝑠=1

𝑆

𝑎𝑚𝑠𝑥 𝑠 − 𝑏𝑚 ≤ 0 𝑚 = 1, 2, … , 𝑀

𝑥 𝑠 ≥ 0 𝑠 = 1, 2, … , 𝑆



1. Solution is located on a 

vertex

Geometric view



Geometric view

2. Solution is located on an edge



3. Unbounded solution

Geometric view



Example

𝐹 𝑥 = −2𝑥 1 + 𝑥 2

𝒟𝑥 = {𝑥 ∈ 𝑅2, −𝑥 1 − 𝑥 2 + 1 ≤ 0, 

                      2𝑥 1 + 3𝑥 2 − 6 ≤ 0,

                      𝑥 1 , 𝑥 2 ≥ 0}

𝛻𝑥𝐹 𝑥 =
−2
1

−𝛻𝑥𝐹 𝑥 =
2

−1

Function level



Standard form
𝐹(𝑥) = 𝑐𝑇𝑥

𝒟𝑥 = 𝑥 ∈ 𝑅𝑠, 𝑎𝑙
𝑇𝑥 − 𝑏𝑙 = 0, 𝑙 = 1, 2, … , 𝐿, 𝑎𝑚

𝑇 𝑥 − 𝑏𝑚 ≤ 0, 𝑚 = 1, 2, … , 𝑀, 𝑥 𝑠 ≥ 0 𝑠 = 1, 2, … , 𝑆 

Standard form

A:  𝒟𝑋 = 𝑥 ∈ 𝑅𝑠 , 𝐴𝑥 − 𝑏 = 0𝐿, 𝑥 ≥ 0𝑆

or

B:  𝒟𝑥 = {𝑥 ∈ 𝑅𝑠 , 𝐴𝑥 − 𝑏 ≤ 0𝐿, 𝑥 ≥ 0𝑆}

𝑐 =

𝑐1

⋮
𝑐𝑆

, 𝑏 =
𝑏1

⋮
𝑏𝐿

, 𝑥 =
𝑥 1

⋮
𝑥 𝑆

, 𝐴𝑆𝑥𝐿 =

𝑎11 ⋯ 𝑎1𝑆

⋮ ⋱ ⋮
𝑎𝐿1 ⋯ 𝑎𝐿𝑆



1° 𝑎𝑙
𝑇𝑥 − 𝑏𝑙 ≤ 0 we introduce slack variables

𝐵 → 𝐴

𝑥𝑆+1 ≥ 0

𝑎𝑙
𝑇𝑥 + 𝑥𝑆+1 − 𝑏𝑙 = 0

or

ഥ𝑎𝑙 =

𝑎𝐿1

⋮
𝑎𝐿𝑆

1

, ҧ𝑥 =

𝑥 1

⋮
𝑥 𝑆

𝑥 𝑆+1

, ҧ𝑐 =

𝑐1

⋮
𝑐𝑠

0

𝐹 𝑥 = ҧ𝑐𝑇 ҧ𝑥

ഥ𝑎𝑙
𝑇 ҧ𝑥 − 𝑏𝑙 = 0



𝐴 → 𝐵

𝑎𝑙
𝑇𝑥 − 𝑏𝑙 ≤ 0                                    

2°    𝑎𝑙
𝑇𝑥 − 𝑏𝑙 = 0 ≡

                                    −𝑎𝑙
𝑇𝑥 + 𝑏𝑙 ≤ 0

3° 𝑥 𝑠 – is unbounded

𝑥 𝑠 = 𝑥 𝑠 ′ − 𝑥 𝑠 ′′

𝑥 𝑠 ′ ≥ 0, 𝑥 𝑠 ′′
≥ 0

ҧ𝑥 =

𝑥 1

⋮
𝑥𝑠−1

𝑥 𝑠 ′

𝑥 𝑠 ′′

𝑥𝑠+1

⋮
𝑥𝑠

, ҧ𝑐 =

𝑐1

⋮
𝑐𝑠−1

𝑐𝑠

−𝑐𝑠

𝑐𝑠+1

⋮
𝑐𝑠

, ഥ𝑎𝑙 =

𝑎𝑙1

⋮
𝑎𝑙𝑠−1

𝑎𝑙𝑠

−𝑎𝑙𝑠

𝑎𝑙𝑠+1

⋮
𝑎𝑙𝑠



𝐹 𝑥 = −2𝑥 1 + 𝑥 2  →  𝐹 𝑥 = −2𝑥 1 + 𝑥 2 + 0𝑥 3  +0𝑥 4

 −𝑥 1 − 𝑥 2 + 1 ≤ 0 →  −𝑥 1 − 𝑥 2 + 𝑥 3  + 1 = 0 𝑥 3 ≥ 0

 2𝑥 1 + 3𝑥 2 − 6 ≤ 0 →  2𝑥 1 + 3𝑥 2  + 𝑥 4 − 6 = 0 𝑥 4 ≥ 0

𝐴 =
−1 −1 1 0
2 3 0 1

, b =
−1
6

,

𝑥 =

𝑥 1

𝑥 2

𝑥 3

𝑥 4

,  𝑐 =

−2
1
0
0



F 𝑥 = 𝑐𝑇𝑥

𝒟𝑋 = 𝑥 ∈ 𝑅𝑠:  𝐴𝑥 − 𝑏 = 0𝐿, 𝑥 ≥ 0

𝐿 𝑥, 𝜆 = 𝑐𝑇𝑥 + 𝜆𝑇 𝐴𝑥 − 𝑏 − 𝜇𝑇𝑥

𝛻𝑥𝐿 𝑥, 𝜆 = 𝑐 + 𝐴𝑇𝜆 − 𝜇 = 0𝑆

𝛻𝜆𝐿 𝑥, 𝜆 = 𝐴𝑥 − 𝑏 = 0𝐿   !!!

𝜇𝑇𝛻𝜇𝐿 = 𝜇𝑇𝑥 = 0

𝜇 ≥ 0𝑆

𝑥 ≥ 0𝑆



Feasible solution 𝑥 ∈ 𝒟𝑥

𝐴𝑥 = 𝑏 𝑅𝑧 𝐴 = 𝐿 𝑆 ≥ 𝐿

Basic solution

𝑥𝐵 = 𝐵−1𝑏 𝐵 – matrix containing 𝐿 kolumn of the matrix 𝐴

the total number of basic solutions is at most:

𝑆!

𝐿! 𝑆 − 𝐿 !

Basic feasible solution  𝑥𝐵 ≥ 0𝐿

Not degenerated basic feasible solution  𝑥𝐵 > 0𝐿



The simplex method

1. Generation of initial feasible solution

2. Convergence criteria – the stopping condition

3. Changing the basis

4. Dealing with degenerate basic solutions



𝐴𝑥 = 𝑏 𝑥𝐵 = 𝐵−1𝑏– the basic solution

𝑥𝐵 = 𝐵−1𝐴𝑥

𝐴𝑥 − 𝑏 = 0𝐿 /𝐵−1

𝐵−1𝐴𝑥 − 𝐵−1𝑏 = 0𝐿

𝑐𝑥 = 𝑐𝑥 − 𝑐𝐵 𝐵−1𝐴𝑥 − 𝐵−1𝑏 = 𝑐 − 𝑐𝐵𝐵−1𝐴 𝑥 − 𝑐𝐵𝐵−1𝑏

= 𝑐 − 𝑐𝐵𝐵−1𝐴 𝑥 − 𝑐𝐵𝑥𝐵



𝒄𝟏 ⋯ 𝒄𝒌 ⋯ 𝒄𝑺

Zmienne 
bazowe

𝑐𝐵 ℎ0 ℎ1 … ℎ𝑘 … ℎ𝑆 ℎ𝑠0

ℎ𝑠𝑘

ℎ𝑠𝑘 ≥ 0

𝑥𝑗1 𝑐𝑗1 ℎ10 ℎ11 ⋯ ℎ1𝑘 ⋯ ℎ1𝑠

⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮

𝑥𝑗𝑙 𝑐𝑗𝑙 ℎ𝑙0 ℎ𝑙1 ⋯ ℎ𝑙𝑘 ⋯ ℎ𝑙𝑠

⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮

𝑥𝑗𝐿 𝑐𝑗𝐿 ℎ𝐿0 ℎ𝐿1 ⋯ ℎ𝐿𝑘 ⋯ ℎ𝐿𝑠

𝑐1 − 𝑧1 ⋯ 𝑐𝑘 − 𝑧𝑘 ⋯ 𝑐𝑠 − 𝑧𝑠

𝑧𝑘 = ෍

𝑠∈𝐼𝐵

𝑐𝑠ℎ𝑠𝑘 ℎ𝑙𝑠
′ ≔

ℎ𝑙𝑠

ℎ𝑙𝑘
;  ℎ𝑖𝑠

′ = ℎ𝑖𝑠 −
ℎ𝑖𝑘ℎ𝑙𝑠

ℎ𝑙𝑘

𝑠 = 1, 2, … , 𝑆 𝑖 = 0, 1, … , 𝑆
𝑠 ∈ 𝐼𝐵\{𝑙}



1. Generation of initial basis 𝑥𝐵 = 𝐵−1𝑏

2. Checking 𝑐 − 𝑐𝐵𝐵−1𝐴 ≥ 0𝑆. If it holds, then 𝑥𝐵 is basic feasible solution  𝑥 = [𝑥𝐵 0]

3. Such a 𝑘 that 𝑐𝑘 − 𝑧𝑘 = min
1≤𝑠≤𝑆

𝑐𝑠 − 𝑧𝑠 is introduced to the basis, 𝑧𝑘 = σ𝑠∈𝐼𝐵
𝑐𝑠ℎ𝑠𝑘

4. Checking, whether ℎ𝑘 ≤ 0, if it holds true – solution is unbounded

5. Removing such  l from the basis, for which:

ℎ𝑙0

ℎ𝑙𝑘
= min

1≤𝑠≤𝑆
{
ℎ𝑠0

ℎ𝑠𝑘
, ℎ𝑠𝑘 > 0}

6. 𝐼𝐵 ≔ 𝐼𝐵 ∖ 𝑙 ∪ 𝑘

𝐼𝐵 = {𝑗 ∈ 1, 2, … , 𝑆 𝑥 𝑗 belongs to the basis }

7.  𝑐𝑘 − 𝑧𝑘=0, for k – non basis variable – non unique solution

The simplex method



𝒄𝟏 ⋯ 𝒄𝒌 ⋯ 𝒄𝑺

Zmienne 
bazowe

𝑐𝐵 ℎ0 ℎ1 … ℎ𝑘 … ℎ𝑆 ℎ𝑠0

ℎ𝑠𝑘

ℎ𝑠𝑘 ≥ 0

𝑥𝑗1 𝑐𝑗1 ℎ10 ℎ11 ⋯ ℎ1𝑘 ⋯ ℎ1𝑠

⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮

𝑥𝑗𝑙 𝑐𝑗𝑙 ℎ𝑙0 ℎ𝑙1 ⋯ ℎ𝑙𝑘 ⋯ ℎ𝑙𝑠

⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮

𝑥𝑗𝐿 𝑐𝑗𝐿 ℎ𝐿0 ℎ𝐿1 ⋯ ℎ𝐿𝑘 ⋯ ℎ𝐿𝑠

𝑐1 − 𝑧1 ⋯ 𝑐𝑘 − 𝑧𝑘 ⋯ 𝑐𝑠 − 𝑧𝑠

𝑧𝑘 = ෍

𝑠∈𝐼𝐵

𝑐𝑠ℎ𝑠𝑘 ℎ𝑙𝑠
′ ≔

ℎ𝑙𝑠

ℎ𝑙𝑘
;  ℎ𝑖𝑠

′ = ℎ𝑖𝑠 −
ℎ𝑖𝑘ℎ𝑙𝑠

ℎ𝑙𝑘

𝑠 = 1, 2, … , 𝑆 𝑖 = 0, 1, … , 𝑆
𝑠 ∈ 𝐼𝐵\{𝑙}

← 𝑚𝑖𝑛
ℎ𝑠0

ℎ𝑠𝑘



Example

𝐹 𝑥 = −2𝑥 1 − 3𝑥 2  → 𝐹 𝑥 = −2𝑥 1 − 3𝑥 2 + 0𝑥 3 + 0𝑥 4 + 0𝑥 5

2𝑥 1 + 2𝑥 2 − 14 ≤ 0 → 2𝑥 1 + 2𝑥 2 + 𝑥 3  = 14

𝑥 1  + 2𝑥 2 − 8 ≤ 0 𝑥 1 + 2𝑥 2  + 𝑥 4  = 8

4𝑥 1 − 16 ≤ 0 4𝑥 1  + 𝑥 5 = 16

𝐹 𝑥 = [−2 −3 0 0 0]  

𝑥 1

𝑥 2

𝑥 3

𝑥 4

𝑥 5

2 2 1 0 0
1 2 0 1 0
4 0 0 0 1

𝑥 1

𝑥 2

𝑥 3

𝑥 4

𝑥 5

=
14
8

16



-2 -3 0 0 0

Zmienne 
bazowe

𝑐𝐵 ℎ0 ℎ1 ℎ2 ℎ3 ℎ4 ℎ5

𝑥3 0 14 2 2 1 0 0 14

2

𝑥4 0 8 1 2 0 1 0 8

2

𝑥5 0 16 4 0 0 0 1 -

0 -2 -3 0 0 0

𝐼𝐵 = {3, 4, 5}

← 𝑚𝑖𝑛
ℎ𝑠0

ℎ𝑠𝑘



-2 -3 0 0 0

Zmienne 
bazowe

𝑐𝐵 ℎ0 ℎ1 ℎ2 ℎ3 ℎ4 ℎ5

𝑥3 0 6 1 0 1 -1 0 6

1

𝑥2 -3 4 1

2

1 0 1

2

0 4

1
2

𝑥5 0 16 4 0 0 0 1 16

4

−
1

2

0 0 3

2

0

← 𝑚𝑖𝑛
ℎ𝑠0

ℎ𝑠𝑘



-2 -3 0 0 0

Zmienne 
bazowe

𝑐𝐵 ℎ0 ℎ1 ℎ2 ℎ3 ℎ4 ℎ5

𝑥3 0 2 0 0 1 -1
−

1

4

𝑥2 -3 2 0 1 0 1

2
−

1

8

𝑥1 -2 4 1 0 0 0 1

4

0 0 0 3

2

1

8

≥ 0

𝑥𝐵

The final solution       [4 2 2 0 0]



Finding initial feasible basic 
solution (additional task)

𝐴𝑥 = 𝑏

𝑥 ≥ 0𝑆

Artificial variables:

𝐴𝑥 + 𝐼𝑥𝑎 = 𝑏 𝑥 ≥ 0, 𝑥𝑎 ≥ 0

Additional task

min
𝑥𝑎

1𝑇𝑥𝑎



The two phase simplex method 

𝐹 𝑥 = 𝑐𝑇𝑥 + 𝑀1𝑇𝑥𝑎

Constraints

𝐴𝑥 + 𝐼𝑋𝑎 = 𝑏, 𝑥 ≥ 0, 𝑥𝐴 ≥ 0



Thank you for attention



Linear programming - standard form

𝐹(𝑥)  = 𝑐𝑇𝑥

A:  𝒟𝑋 = 𝑥 ∈ 𝑅𝑠, 𝐴𝑥 − 𝑏 = 0𝐿, 𝑥 ≥ 0𝑆

lub

B:  𝒟𝑥 = {𝑥 ∈ 𝑅𝑠, 𝐴𝑥 − 𝑏 ≤ 0𝐿, 𝑥 ≥ 0𝑆}

𝑐 =

𝑐1

⋮
𝑐𝑆

, 𝑏 =
𝑏1

⋮
𝑏𝐿

, 𝑥 =
𝑥 1

⋮
𝑥 𝑆

, 𝐴𝑆𝑥𝐿 =

𝑎11 ⋯ 𝑎1𝑆

⋮ ⋱ ⋮
𝑎𝐿1 ⋯ 𝑎𝐿𝑆



Quadratic programming

𝐹 𝑥 = 𝑥𝑇𝐷𝑥 + 𝑐𝑇𝑥

 𝐷𝑥= 𝑥 ∈ 𝑅𝑠, 𝐴𝑥 = 𝑏, 𝑥 ≥ 0



Special Case 

32

)(min)( xFxFx
xx D


=→

 MS

S

x xxx 0)(,0: = RD

( ) ( ) ( )xxFxL T +=,

( )

( )

S

xx

T

Sxx

x

xLx

xL

0

0,

0,

,

,



=















 ( )

( )

M

x

T

Mx

xL

xL

0

0,

0,

,

,



=





















Special Case 

33
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Quadratic programming problem
𝐹 𝑥 = 𝑥𝑇𝐷𝑥 + 𝑐𝑇𝑥

𝐷𝑥 = 𝑥 ∈ 𝑅𝑠, 𝐴𝑥 = 𝑏, 𝑥 ≥ 0

𝐿 𝑥, 𝜆 = 𝑥𝑇𝐷𝑥 + 𝐶𝑇𝑥 + 𝜆𝑇(𝐴𝑥 − 𝑏)

∨= 𝛻𝑥𝐿 𝑥, 𝜆 = 𝑐 + 2𝐷𝑥 − 𝐴𝑇𝜆 ≥ 0

𝑥𝑇𝛻𝑋𝐿 𝑥, 𝜆  = 𝑥𝑇 𝑐 + 2𝐷𝑥 − 𝐴𝑇𝜆 = 0

𝛻𝜆𝐿 𝑥, 𝜆  =  𝐴𝑥 − 𝑏 = 0

𝑥 ≥ 0, ∨≥ 0

𝑐 + 2𝐷𝑥 − 𝐴𝑇𝜆 −∨= 0

𝑥𝑇 ∨= 0

𝐴𝑥 = 𝑏

𝑥 ≥ 0, ∨≥ 0, 

∨= 𝛻𝑥𝐿 𝑥, 𝜆 ≥ 0
𝑥𝑇𝛻𝑥𝐿 𝑥, 𝜆 = 0

         𝛻𝜆𝐿 𝑥, 𝜆 = 0
 𝑥 ≥ 0, ∨≥ 0



Quadratic programming problem

𝐴𝑥 = 𝑏

2𝐷𝑥 − 𝐴𝑇𝜆 −∨= −𝑐

𝑥𝑇 ∨= 0, 

𝑥 ≥ 0,∨≥ 0

𝐴 0 0
2𝐷 −𝐴𝑇 𝐼

𝑥
𝜆
∨

=
𝑏

−𝑐

𝑥 ≥ 0,∨≥ 0, 𝑥𝑇 ∨= 0

𝜆 –  ∓non defined sigh



Quadratic programming problem

𝐵𝑥𝐵 = 𝑏  - base solution

𝐴𝑥 = 𝑏

2𝐷𝑥 + 𝐴𝑇𝜆 −∨ +𝐸𝑢 = −𝑐 𝑢 – artificial variable

                                                𝑢 ≥ 0

𝐷𝐵  - matrix , in which matrix column  D corresponds to column A in B

𝐸 – diagonal matrix

 +1 − 𝑐𝑗 − 2𝑑𝐵𝑗𝑥𝐵 ≥ 0

Δ𝑗 =

          −1 − 𝑐𝑗 − 2𝑑𝐵𝑗𝑥𝐵 < 0

𝑢𝑗 = −𝑐𝑗 − 2𝑑𝐵𝑗𝑥𝐵 , 𝑗 = 1, 2, … , 𝑆, 𝜆 = 0,∨= 0

𝑑𝐵𝑗 - j-th row of matrix 𝐷𝐵



Quadratic programming problem

Now the artificial variables ought to be removed 

The linear programming can be used

𝐹 𝑢 = 1𝑇𝑢

With constrains 

𝐴 0 0 0 0
2𝐷 −𝐴𝑇 𝐴𝑇 −𝐼 𝐸

𝑥
𝜆′

𝜆′′

∨
𝑢

=
𝑏

−𝑐
             

                𝑥 ≥ 0,∨≥ 0, 𝑥𝑇 ∨= 0, 𝜆′ ≥ 0, 𝜆′′ ≥ 0, 

Let 𝑢𝑗 = −𝑐𝑗 − 2𝑑𝐵𝑗𝑥𝐵 , 𝑗 = 1, 2, … , 𝑆, 𝜆 = 0,∨= 0 we obtain one of solution which 

can be denoted: 

𝐵 0
2𝐷𝐵 𝐸

𝑥𝐵

𝑢
=

𝑏
−𝑐

𝐴 0 0
2𝐷 −𝐴𝑇 𝐼

𝑥
𝜆
∨

=
𝑏

−𝑐



Linear Fractional Programming
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)(min)( xFxFx
xx D


=→

𝒟𝑥 = 𝑥 ∈ R𝑆 : 𝜙 𝑥 = 0𝐿 , 𝜓 𝑥 ≤ 0𝑀, 𝑥 ≥ 0𝑆 



Linear Fractional Programming

𝒟𝑥 = 𝑥 ∈ 𝑅𝑠, 𝐴𝑥 − 𝑒 ≤ 0𝐿, 𝑥 ≥ 0𝑆

)(min)( xFxFx
xx D


=→

dxc

bxa
xF

T

T

+

+
=)( RRRR  dcba SS ,,,

Charnes - Cooper Method

𝑐𝑇𝑥 + 𝑑 ≠ 0



Linear Fractional Programming
1. Let us assume that: 𝑐𝑇𝑥 + 𝑑 > 0

Denote by 𝑧 =
1

𝑐𝑇𝑥+𝑑
and   𝑦 = 𝑧𝑥

In this case the problem is reduced to:

Minimization  of            𝑎𝑇𝑦 + 𝑏z

With constrains:           𝐴𝑦 − 𝑒𝑧 ≤ 0 𝐴𝑥 − 𝑒 ≤ 0𝐿/𝑧
𝑐𝑇𝑦 + 𝑑𝑧 = 1

𝑦 ≥ 0
𝑧 ≥ 0

The problem is reduced to the linear programing task

𝐹(𝑥) =
𝑎𝑇𝑥+𝑏

𝑐𝑇𝑥+𝑑
 /z



Linear Fractional Programming
2. Let us assume that: 𝑐𝑇𝑥 + 𝑑 < 0

Denote by − 𝑧 =
1

𝑐𝑇𝑥+𝑑
 oraz 𝑦 = 𝑧𝑥

In this case the problem is reduced to:

Minimization of             −𝑎𝑇𝑦 − 𝑏𝑧

Wth constrains: 𝐴𝑦 − 𝑒𝑧 ≤ 0   𝐴𝑥 − 𝑒 ≤ 0𝐿/𝑧
−𝑐𝑇𝑥 − 𝑑𝑧 = 1

𝑦 ≥ 0
𝑧 ≥ 0

The problem is reduced to the linear programing task

𝐹(𝑥) =
𝑎𝑇𝑥+𝑏

𝑐𝑇𝑥+𝑑
 /z

Finally 𝑥 =
𝑦

𝑧



Linear Fractional Programming - Example

Goal function 

Constraints

For the point from feasible set

For example for point             we have  

𝐹 𝑥1, 𝑥2 =
−2𝑥1 + 𝑥2 + 2

𝑥1 + 3𝑥2 + 4

−𝑥1 + 𝑥2 ≤ 4

2𝑥1 + 𝑥2 ≤ 14

𝑥2 ≤ 6

𝑥1 ≥ 0 ,𝑥2 ≥ 0

𝑥2

𝑥1

0,0

0,4

2,6 4,6

7,0

𝑥1 + 3𝑥2 + 4 > 0

0,0

0 + 3 ∙ 0 + 4 = 4 > 0



Linear Fractional Programming - Example
𝑧 =

1

𝑥1 + 3𝑥2 + 4
, 𝑦1 = 𝑧𝑥1, 𝑦2 = 𝑧𝑥2Let:

ത𝐹 𝑦1, 𝑦2, 𝑧 = −2𝑦1 + 𝑦2 + 2𝑧𝐹 𝑥1, 𝑥2 =
−2𝑥1 + 𝑥2 + 2

𝑥1 + 3𝑥2 + 4

−𝑥1 + 𝑥2 ≤ 4 /∙z −𝑦1 + 𝑦2 − 4𝑧 ≤ 0

2𝑥1 + 𝑥2 ≤ 14/∙z 2𝑦1 + 𝑦2 − 14𝑧 ≤ 0

𝑥2 ≤ 6 /∙z

𝑧 =
1

𝑥1 + 3𝑥2 + 4
 / ∙ 𝑥1 + 3𝑥2 + 4 𝑦1 + 3𝑦2 + 4𝑧 = 1

𝑦2 − 6𝑧 ≤ 0

𝑦1 ≥ 0 𝑦2 ≥ 0 𝑧 ≥ 0𝑥1 ≥ 0 𝑥2 ≥ 0

From linear programming 

solution we have

𝑦1 = 7/11, 𝑦2 = 0, 𝑧 = 1/11

𝑥1 =
𝑦1

𝑧
= 7, 𝑥2 =

𝑦2

𝑧
= 0After substitution



Thank you for attention
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