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Linear Programming
m——

Resurs Sy 2 2
Resurs S, 1 2 8
Resurs S3 4 0 16
Profit/unit 2 3

Decision variable:
X1, X5 - value of production product P;, P, respectively

Goal function:
F(xq,x) = 2x1 + 3x5
Constrains:
2x1 + 2x, < 14
X1+ 2x, <8
4x; + 0x, < 16
x1=0,x,=20
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Linear Programming

2x1 + 2x2 S%
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2%, + 3x, = 127
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Master programmes in English
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Goal function:
F(xq,x,) = 2x1 + 3x,

Constrains:
2x1 + 2x, < 14
X1+ 2x, <8
4x; + 0x, < 16
x1=20,x,2>20

Function level
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Linear Programming

Problem like before but sum of product greater then 8,
A

Goal function:
<>\ F(xq,x,) = 2x1 + 3%,

2xy + 2x27\ Constrains:

4X1 <16

2x1 +2x, < 14
2x1 + 3x; 7 1471, X1+ 2x, <8
- 4%, + 0x, < 16
7\ X, +x, =8

x4+ 2x,<8 % 20,220

X1 +x,>8 : :
. 1 2 Solution set is empty
X, =0
= S set
Xp 2
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Linear Programming

Problem like at the begining, but profit of product P, is 4

A
2x1 + 2x, N\14 Goal function:
/ 16 F(xq,x,) = 2x1 + 4x,
Constrains:
x 2%, + 2%, < 14
X 20 X1 + sz < 8
X1 + 2x, 5 8 4x; + 0x, < 16
) X1 = X1 > 0, X2 >0
Xy = 2
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Resurs S; 2 2 Not limited
Resurs S, 1 2 Not limited
Resurs S3 4 0 16
Profit/unit 2 3

Sum of products greater than 3.

N

Goal function:
F(xq,x5) = 2x1 + 3x,

Constrains:
4x, + 0x, < 16

X1+XZZ3

x120,x220

Non constrained solution
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General problem formulation
x* - F(x") =£r61%)r}cF(x)

D,={x€R’¢;x)=0,1=1,2,...,L,Y,,(x) <0,om=1,2,.., M}

s

F(x)=cTx = Z cox®)
s=1
s
o (x)=al — b, = zalsx(s) —b=0 [=1,2,..,L
s=1
s
Y, (x) =alx—b, <0= Zamsx(s) —b,<0 m=12,...M
s=1

x>0 s=1,2,...8
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1. Solution is located on a

vertex
/ 1
e xM
=
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/D 2. Solution is located on an edge
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Geometric view

£ @

3. Unbounded solution
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Example

3l Function level F(x) = —2x@ 4 x@

D, ={x €R?, —xW —x@ 1+1<0,
2xM +3x® — 6 <0,
xD, x@ > 0}

(D

V.F(x) = [ﬂ W F(x) = [ _21]
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Standard form
F(x) =c'x
Dy={x€R%alx—b=01=12,..,Lahx—b,<0m=12.,Mx9>0 s=1,2..,5}
Standard form
A: Dy ={x € R5,Ax — b =0,,x = 0}
or

B: D, ={x €RS,Ax —b < 0,,x > 0}

€1 by x @D aip v Qg
C=|:§], b=]|: ) X = . , ASxL=|:E ]

b, £
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B-A
1° ajx—b;, <0  weintroduce slack variables
Xs+1 = 0
T _
a;x+xs41—b; =0
N
or ary x €1
U= lags|'* = x ) = e
1 | (S+1) | 0

F(x)=cTx

a’x—b, =0
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A-B
alx—b, <0
2° alx—b, =0=-
—ajx+b <0
3° x©) —jisunbounded
144
x8) = 5 () _ 5 (s)
x>0, x®" >0 [ (D] - Cq 7 - A
xS~1 Cs—1 Als-1
- x(s)’ ~ CS — alS
X = MO K C=1—cs |’ @G =1 —ay
xs+1 Cs+1 Als+1
L xS | Cs | L Qs
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F(x) = =2xM +x@ 5 Fx)=-2x® +x®@ 4+ 0x® 40x@®
—xW —x@ +1<0 » —x®—x@ 446 +1=0 x® >0

260 +3x@ <0 » 226D +3x@ +x®W—6=0 x®>0

-1 -1 1 0 -1
A= 2 3 0 1/’ b_[6]’

x (V] (—2]
(2)
X 1
X = , c=
x3) 0
|y (4) | 0 |
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F(x) =cTx

Dy ={x €ER: Ax—b=0,, x3=0)
L(x,A) =cTx+AT(Ax —b) —u'x

V.L(x,)) =c+ATA —u =0
VL(x, ) = Ax —b =0, I
w'vL=p"x=0

u = 0g

xZOS
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Feasible solution x € D,,

Ax =0b Rz(A) =L S>1L
Basic solution

xB =B"1p B — matrix containing L kolumn of the matrix A

the total number of basic solutions is at most:

S!
LI(S—L)!

Basic feasible solution xZ > 0,

Not degenerated basic feasible solution xZ > 0,
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The simplex method

Generation of initial feasible solution
Convergence criteria — the stopping condition

Changing the basis

W N

Dealing with degenerate basic solutions
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Ax = b xg = B~ 1b-the basic solution
xg = B~ 1Ax
Ax—b=0, /B!
B 'Ax - B b =0,
cx =cx —cg(B™YAx — B7'b) = (c — cgB~1A)x — cxgB~ b

= (c —cgB 1A)x — czxp
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€1 Ck Cs
E;Tg\:/r;e Cp ho h1 h’k h’S @ hSk = 0
hsk
Xj1 Cj1 hig hi4 hig his
< | X Ci1 hyo hiy (hlk> hys
XL CiL hio hiq Ry hys
€1 — 21 Ck — Zg Cs — Zg
f h hi.h
/ l / kel
Zg = Z Cshg hs = h_S; his = his — lh -
lk Lk
SElpg
s=12,..,§ i=01,..,S§
s € Ig\{l}
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The simplex method

1. Generation of initial basis xzg = B~1b

2. Checking ¢ — cgB~1A > 0. If it holds, then xj is basic feasible solution x = [xp 0]

3. Suchak thatc, — z, = 1r£11£15(cs Zg) is introduced to the basis, z = Ys¢/, Cshsi
S

4. Checking, whether h;, < 0, if it holds true — solution is unbounded

5. Removing such | from the basis, for which:

hy hgo -0
e 1@3195{ he hg, > 0}

6. Ip:=1Ig\{l}U{k}
Ip={je{l,2..,5} x ) belongs to the basis }

7. ¢, — z,=0, for k —non basis variable — non unique solution
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Cq Ck Cs
—
b;n;;r/:/r;e Cg hO h1 hk hS hSO hsk =0
hsk
Xj1 Cj1 hio hiq hik hys
. . ° * :
AN . [ 1150
- | X i | o hyy (hlk) fus M e
(o AV
XL | Gro | Mo i A s
C1— Z1 Cx — Zg Cs — Zg
_ h Bl = IS, pr =y — D
Zk = CsMsk s ™ p 7 s T Tis h
lk lk
SElpg
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Example

F(x) = —2xW —3x@) 5 F(x) = —2xW — 3x@ 4 0x® + 0x@® 4 0x®

26D 4 2x@ —14 <0 - 2xW 4+ 2x@ 4 xG) = 14
xW +2x@ —8<0 x4+ 253 +x® =8
4xM - 16 <0 4D +xG®) =16
e
Ne) o
Fx)=[-2 =3 0 0 0]|x® xW
NG 2 2 1 0 0]|x®| 114
()] 1 2 0 1 0||x®|=]8
4 0 0 0 1l,®»| l1e
L x (5
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-2 -3 0 0 0
Zb’;‘;itv”j Cp hg hy h, h; hy hs
X3 0 | 14 2 2 1 0 0 |14
2
xs | O | 8 1 2| o [1] o [8] dpunte
2 hsk
X 0 | 16 4 0 0 0 1 i
0 -2 -3 0 0 0

IB == {3,4‘, 5}
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-2 -3 0 0 0
basowe | CB ho hq h, h3 hy hs
X3 0 6 1 0 1 -1 0 6
1
X2 -3 4 1 1 0 1 0 4
2 2 1
2
xs | 0 | 16 4 | o o |o| 1 |16 g
7| © mlnh—Sk
1 0 0 3 0
2 2

HUMAN CAPITAL [” v
i HUMA - BEST INVESTMENT! Wroclaw University of Technology T

Project co-financed from the EU European Social Fund




r Master programmes in English
Wroctaw University of Technology | —

at Wroctaw University of Technology

Xg -2 -3 0 0 0

zmienne | ¢ | hyg hy, | hy hs | hy | he
X3 0 2 0 0 1 1 1
4

X, 3| 2 0 1 0 1 1
2 8

X4 2 | 4 1 0 0 0 1
7

0 0 0 3 1

2 8
>0

The final solution [4 2 2 0 O]
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Finding initial feasible basic
solution (additional task)

Ax =1b
x = 0g
Artificial variables:
Ax+Ix,=b x=0,x,=20

Additional task

min 17x,
Xa
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The two phase simplex method

F(x) =clx+ M1Tx,
Constraints

Ax+1X, =b,x =2 0,x4 =0
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Thank you for attention
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Linear programming - standard form

F(x) =clx

A. DX = {X S RS,AX—b — OL,X = 05}
lub
B:D,={x€R>Ax—b < 0;,x =04}

Cq b4 xD a1 ot Qs

Cs b; xS Ay = Ars
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Quadratic programming

F(x) =x"Dx + c'x

D,=1{x € R°,Ax = b,x = 0}
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Special Case

X" — F(x") = mj%n F(X)

@Xz{XE?/%S :XZOS,W(X)SOM}

L(x, 12)= F(x)+ u"y(x)

VL) .. 204 V,L(xu),. . <0,
X"V, L(x ,u)(x =0 ﬂTvﬂL(x y){ =0
X" >0, w >0,
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Special Case

X" — F(x") = mj%n F(X)

9 :{XEQS :¢(X):OL’W(X)SOM}

L(x, 2, )= F(x)+ & p(x)+ " (x)
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Quadratic programming problem
F(x)=x"Dx +cTx
D, ={x € R°>,Ax = b,x = 0}

L(X, /1) =xTDx + CTx + AT(AX — b) [ v= VxL(X, /1) > 0

v=T,L(x,1) =c+2Dx —ATA >0 | XL, ) =0
V;LL(X,A) =0

xTVxL(x,2) =xT (c+2Dx—ATA) =0 x>0, V>0

VoiL(x, 1) = Ax—b =0

x=>0,v=0

[ c+2Dx —ATA—-v=0
xTv=0
Ax = b

x=0,v=>
— MAN EUROPEAN
njgm-ucsv ”CNLAS&'J:]AL Wroclaw University of Technology S00AL FUND
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Quadratic programming problem

Ax = Db
2Dx — AT1 —v= —c

5 % -1

x>0,v=>0xTv=0

A — +non defined sigh
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Quadratic programming problem

Bxg = b - base solution

Ax =0b

2Dx + ATA -V +Eu = —c u — artificial variable
u=0

Dg - matrix , in which matrix column D corresponds to column Ain B

E — diagonal matrix

+1  —c¢j—2dgjxp =0

Aj =-
~—1 — Cj - ZdBij <0
uj = |-¢j — 2dgxp|,j =1,2,..,5,2=0,v=0

dg;j - J-th row of matrix Dg
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Quadratic programming problem

Let u; = |—¢; — 2dpjxp|,j = 1,2,..,5,42 = 0,v= 0 we obtain one of solution which
can be denoted:

[B Olle]zlb] A o ol3l_»p

2Dp Eflu —C 2D =AT Il|,|  l-c

Now the artificial variables ought to be removed

The linear programming can be used

F(u) =1"u
With constrains
-
4 0 0 0 o]j,,:[b]
2D AT AT -] E Vv —C
| U

x=20Vv=0,x"v=0,120,1"20,
;R ) P —
Project co-financed from the EU European Social
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Linear Fractional Programming

X" = F(x") = mi@rg F(X)

D, ={x€RS:¢p (x) =0, P(x) < 0p,x = 05}

.
Goal function: F(X)ZaTX+b acR°, beR,ceR°,deR
c X+d
Constrains: B pl(1) 7 _qr(nl) ]
(2)
¢|(X): pITX_aI =0, P, = p'(Z) l//m(x):q;x_ﬂm <0, g, = qr.”
| =12,...,L : m=12,.... M :
pI(S) qf(”S)
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Linear Fractional Programming

X" — F(X") = min F(x)

XeY,
;
F(X):aTXer acR , beR, ceR,deR
c' X+d
cl'x+d=+0

D, ={x €ER°,Ax —e < 0;,x = 0¢}

Charnes - Cooper Method
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Linear Fractional Programming

1. Let us assume that: c’'x+d>0
1
Denote by z = o and y = zx
In this case the problem is reduced to: .
__a ' x+b
Minimization of a’y + bz F(x) = CTx+d/ Z
With constrains: Ay —ez <0 Ax —e <0, /°z
cly+dz=1
y=0
z=0

The problem is reduced to the linear programing task

HUMAN CAPITAL [ - moren
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Linear Fractional Programming
2. Letus assumethat: clx+d <0

Denote by —z = CT;+d orazy = zx
In this case the problem is reduced to: .
Minimization of —aly — bz F(x) = ZT;C:Z [ez7
Wth constrains: Ay —ez <0 Ax —e < 0p/°z
—cI'x—dz=1
y=0
z=0
The problem is reduced to the linear programing task
Finally X = %
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Linear Fractional Programming - Example

G If t F( ) —ZX1+xZ+2
Xq,Xy) =
Oal Tunction 1, X2 x1+3x2+4
Constraints —X1t X =4 -
2
2x1 + X9 < 14

x2S6
x120,x220

For the point from feasible set (0,4)

x1+3x2+4>0

For example for point (0,0) we have

0+3:-04+44=4>0

Wroctaw University of Technology
from the EU European Social F
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Linear Fractional Programming - Example
1
Let: Z = i 3%, + 4’ Vi = ZXq, Vo = ZXy
—2X1 +x, + 2 o
F(xlle) — X4 + 3x2 + 4 g F(yl,yz,Z) = _23’1 +y2 + 2z
—X1+xZS4/'Z —_— _y1+y2_4‘ZSO
le+x2S14/‘Z _— 2y1 +y2_14ZSO
X, <6/z —— Y2—6z=50
1
= . 3 4 + 3y, +4z =1
Z x1+3x2 ) / (x1+ x2+ ) V1 Y2
x; =0 x2=20 — 120 y, >0 z=0
From linear programming —— y1 =7/11, y. =0, z=1/11
solution we have
o V1 _yZ .
After substitution T == 7, X2 ==

HUMAN CAPITAL ]" oy
i UAUAN DESS ST Wroclaw University of Technology R
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Thank you for attention
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